A momentum-space representation of Feynman propagator in Riemann-Cartan spacetime 



o : 
Oh: 

<■ 



Yu-Huei Wvfl 

1. Center for Mathematics and Theoretical Physics, National Central University, 
2. Department of Physics, National Central University, No. 300, Jhongda Rd., Jhongli 320, Taiwan 

Chih-Hung Wan^ 

1. Department of Physics, Tamkang University, Tamsui, Taipei 25137, Taiwan 
2. Institute of Physics, Academia Sinica,Taipei 115, Taiwan 
' (Dated: April 13, 2010) 

We first construct generalized Riemann-normal coordinates by using autoparallels, instead of geodesies, in an 
arbitrary Riemann-Cartan spacetime. With the aid of generalized Riemann-normal coordinates and their asso- 
ciated orthonormal frames, we obtain a momentum-space representation of the Feynman propagator for scalar 
fields, which is a direct generalization of Bunch and Parker's works to curved spacetime with torsion. We further 
derive the proper-time representation in n dimensional Riemann-Cartan spacetime from the momentum-space 
representation. It leads us to obtain the renormalization of one-loop effective Lagrangians of free scalar fields by 
using dimensional regularization. When torsion tensor vanishes, our resulting momentum-space representation 
returns to the standard Riemannian results. 
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I. INTRODUCTION 

A consistent dynamical theory between gravity and quan- 
tum field theory involves microscopic aspect of gravity. In the 
perturbative approach to quantize gravitational field, it turns 
out that general relativity (GR) is unrenormalizable, so a sat- 
isfactory quantization of gravitational field cannot be accom- 
plished IU2I1 . Moreover, the standard cosmological model, 
which is based on GR plus the known matter field, predicts 
a decelerating expansion of our present Universe. It is con- 
tradicted to recent astrophysical observations, e.g. supernova 
Type la observations, which indicate that the expansion of 
the present Universe is in accelerating phase 12411 . Hence, 
GR cannot successfully describe both the small-scale (planck 
scale) and large-scale (cosmological scale) phenomena. 

Since GR is established (by hypothesis) in the pseudo- 
Riemannian (i.e. torsion free) framework, the fundamental 
variables for the gravitational field are metric tensor g. The 
sources of gravitational field are solely described by symmet- 
ric stress-energy tensor, so the conservation law of angular- 
momentum does not involve intrinsic spin of elementary par- 
ticles. Therefore, it lacks of a description of spin-orbit cou- 
pling. These problems may be resolved when we extend 
GR to Riemann-Cartan spacetime, i.e. Einstein-Cartan the- 
ory. Another well-known gauge theory of gravity, Poincare 
gauge theory of gravity (PGT), is also established in Riemann- 
Cartan spacetime. In these theories, intrinsic spin play a sig- 
nificant role and becomes the source of torsion. 

Riemann-Cartan spacetime is characterized by metric g and 
metric-compatible connection V, so the natural associated 
variables for gravitational field are orthonormal co-frames 
{e a } and connection 1-forms {u> a b}- In PGT, {e a } and {ui a b} 



correspond to local translation and rotation gauge potentials 
lfl5ll . There are several important theories of gravity being 
considered {e a } and {oJ a b} as the fundamental variables, e.g. 
loop quantum gravity. Moreover, recent theoretical investi- 
gation on cosmology has been developed in Riemann-Cartan 
spacetime. For the dark energy problem, it was discovered 
that the trace torsion may be a good candidate for dark en- 
ergy in a cosmological model of PGT fl,|26t]. For inflation- 
ary scenario in early Universe, instead of introducing inflaton 
which violate the strong energy condition, we found that the 
quadratic curvature terms in Riemann-Cartan spacetime do 
provide a power-law inflation and the totally anti-symmetric 
torsion play a significant role for generating inflation l29ll . 
These results show that torsion has notable effects on cosmol- 
ogy- 

Since torsion and intrinsic spin have direct interactions, 
spin-polarized bodies are used to detect torsion directly in the 
laboratory (see a review article lfl9ll ). Up to present, there is 
no experimental evidences showing the existence of torsion 
field, so the constraints on torsion-spin coupling turn out to 
be extremely small lfl7l [l9ll . However, due to the observa- 
tion of cosmic microwave background radiation (CMB) and 
other astrophysical observations, it provides another possibil- 
ity to search for torsion-spin coupling, which are expected to 
be significant, in the early Universe. Instead of looking for 
torsion-spin coupling, Dereli and Tucker considered a spinless 
particle following an autoparallel curve in the Brans-Dicke 
theory with torsion, and then estimated the precession rate of 
Mercury's orbit [8,9]. Later on, the precession rate of a gyro- 
scope following an autoparallel in the Kerr-Brans-Dicke field 
with torsion has also been calculated IBfJl. 
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The discovery of CMB and its anisotropic structure pro- 
vides us a light to understand the evolution of our early Uni- 
verse. It can be expected that the quantum effects of matter 
fields will become significant in the very early Universe (near 
the planck scale). In our previous work 12911 . we obtained 
an inflationary model based on quadratic curvature effects in 
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Riemann-Cartan spacetime. In pseudo-Riemannian structure 
of spacetime, adding the quadratic curvature Lagrangians into 
the Einstein-Hibert action comes from the renormalization of 
one-loop effective action of matter fields J2l and inflationary 
models have also been discussed lfl8i l27ll . It motivates us to 
study the renormalization of one-loop effective action of mat- 
ter fields in Riemann-Cartan spacetme. 

Quantum field theory in the pseudo-Riemannian structure 
of spacetime has been largely investigated 

EES El- The 

standard approach to find the divergent terms of one-loop ef- 
fective action of free scalar, spin 1/2 and 1 fields are using 
DeWitt-Schwinger proper-time method |0,[T3l with some reg- 
ularization methods. It requires to solve a heat kernel equation 
in the normal neighborhood of a point x' by using DeWitt- 
Schwinger ansatz, which involve a bi-scalar world-function 
a(x, x'), i.e. one-half the square of the geodesic distance be- 
tween x and x' . It is known that the normal neighborhood 
of x' is obtained by using exponential map [14], i.e. send- 
ing geodesies to the neighborhood of x' . The generalization 
of proper-time formulation to Riemann-Cartan spacetime has 
been considered Il3il2lll . However, it immediately encounter 
with a question: which curve, autoparallel or geodeisc, should 
be used to construct the exponential map? In lfl3ll . it applied 
DeWitt-Schwinger ansatz to solve a heat kernel equation in 
Riemann-Cartan spacetime by using autoparallels . However, 
we found that these curves are not autoparallels since the one- 
half the square of the autoparallel distance o~(x, x') satisfies 
the equation <r(x, x') = ^g^V^aV^a (see Eq. (3.8) in 
lfl3ln . which is actually the geodesic equation lioll . It turns 
out that geodesic interval a(x, x') is more suitable for apply- 
ing DeWitt-Schwinger ansatz in Riemann-Cartan spacetime. 

The discussion of quantum field theory in Riemann-Cartan 
spacetime has another approach by consider ing torsion as an 
extra background field (see a review article 12511 ). In this ap- 
proach, the fundamental variables are components of met- 
ric and torsion T tt M „ with respect to coordinate basis 
{<9 M }, and the full connection V will be separated into Levi- 
Civita connection V and contorsion part. Following this ap- 
proach, the divergent terms of one-loop effective action of 
matter fields turn out to be the geometrical invariants asso- 
ciated with Riemannian curvature and torsion, instead of full 
curvature and torsion [0, HH . One may easily verify that 
the field equations obtained from the variation of g^ u and 
T%„ are completely different from the field equations ob- 
tained by varying {e a } and {u> a b}- For example, the met- 
ric components g^ contain 10 independent variables due to 
its symmetrization, but orthonormal-coframe {e a = e a ^dx* 1 } 
have 16 independent variables. So their associated source cur- 
rents will be symmetric stress-energy tensor T^ v and stress- 
energy 3 -forms r OJ respectively. Moreover, another difference 
comes from the first-order and second-order Lagrangians l25ll . 
It is more reasonable for us to consider {e°} and {uj a b} as 
independent variables, since one can naturally derive their as- 
sociated field strengths (i.e. torsion and full curvature) and 
Bianchi identities (i.e. conservation laws). 

Besides the DeWitt-Schwinger proper-time representation, 
Bunch and Parker ^ developed a momentum-space repre- 
sentation which is useful for discussing the renormalizability 



of interacting fields, e.g. \<f> A theory, in a general pseudo- 
Riemannian structure of spacetime. By constructing the 
Riemann-normal coordinates in the normal neighborhood of 
an original point x', they solved the Feynamm Green's func- 
tion G(x, x') of free scalar and Dirac fields in the Riemann- 
normal coordinates with a large wave number k approxima- 
tion. In the large k approximation, the first few leading solu- 
tion of momentum-space representation of Feynamm Green's 
function, i.e. Gi(k), have been obtained. It is known that the 
ultraviolet divergences come from the large wave number k 
modes, i.e. short distance behavior, so the solutions Gi(k) 
for i ^ 4 are sufficient to deal with the renormalization of 
one-loop effective action. However, for studying the renor- 
malizability of \<fi 4 theory, the solutions Gi(k) for i ^ 2 may 
be sufficient. 

The method of momentum-space representation can be nat- 
urally extended to Riemann-Cartan spacetime. The major dif- 
ferent is that the background field variables are changed from 
metric tensor g = g^dx 11 <E> dx v to orthonormal co-frames 
{e a = e a ^dx* 1 } and connection 1-forms {uj a b = oj a b^dx^ 1 } . 
We should construct a local coordinate system {x^}, where 
the coefficients of e a ^ and w a i, M in the Taylor series expan- 
sions can be systematically expressed in terms of full curva- 
ture, torsion and their covariant derivative V M at original point 
x' . It is obvious that the Riemann-normal coordinate is not a 
proper choice since only the expansions of g^ v can be sys- 
tematically expressed in terms of Riemannian curvature and 
its covariant derivative with respect to Levi-Civita connection. 
There is no systematical way to accomplish the expansions of 
full connection components T a It is not difficult to see that 
g^v in the Riemann-normal coordinates yields no difference in 
the Riemann-Cartan spacetime or in the pseudo-Riemannian 
structure of spacetime. 

Tucker established Fermi coordinates with their associated 
orthonormal-frames in Riemann-Cartan spacetime |28il . In- 
stead of using geodesies, he used autoparallels j v (A) to de- 
fine an exponential map and then the Fermi coordinates can 
be constructed in the normal neighborhood of a time-like 
curve. By parallel transporting the orthonormal co-frames 
{e a } along 7„(A), one can systematically expressed e a M and 
in terms of the acceleration and frame rotation of the 
time-like curve, full curvature, torsion and V M on the time-like 
curve. We follow the similar process to construct generalized 
Riemann-normal coordinates at a point x' . A detail construc- 
tion will be presented in Sec. |TTT] A recent investigation on 
normal frames in general connection (no metric-compatible) 
has be found in [120(1 . In order to find the ultraviolet diver- 
gences of one-loop effective action, we should accomplish the 
expressions of e a M and w a b M in terms of full curvature, torsion 
and V p to fifth-order, which involve quadratic full curvature 
terms. 

Using generalized Riemann-normal coordinates, one can 
solve Feynamm Green's function of scalar and spin 1/2 fields 
in Riemann-Cartan spacetime and find approximate solutions 
Gi(k) in the momentum space. In this paper, we first con- 
centrate on a scalar field. The classical action of the scalar 
field includes a non-minimal coupling term £,R(f> 2 , where R is 
full scalar curvature. When £ = 0, the scalar field has mim- 
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inal coupling, and £ = | may refer to conformal coupling. 
Since solving Gj(fc) for £ = 3, 4 involves extremely com- 
plicated and tedious calculations, we will restrict our back- 
ground torsion to be totally ansi-symmetric. For i ^ 2, we 
solve Gi(k) in general background torsion. The restriction of 
totally anti-symmetric torsion largely simplified our calcula- 
tions. Moreover, our previous work [29J] indicated that totally 
anti-symmetric torsion plays a significant role for generating 
inflation, so this restriction may still be useful for investigat- 
ing quantum effects in the early Universe. The calculation of 
renormalization of one-loop effective action for spin 1/2 field 
is straightforward and since the totally anti-symmetric torsion 
has a direct interaction with fermions, the restriction on totally 
anti-symmetric torsion may also be interesting to study. 

In Sec. HU we start from a classical action of a free mas- 
sive scalar field in Riemann-Cartan spacetime, and by us- 
ing path-integral quantization, the effective action is obtained. 
The vacuum expectation values of stress 3-forms and spin 3- 
forms are defined. Sec. [TTT] presents a detail construction 
of generalized Riemann-normal coordinates with associated 
orthonormal frames. We derive the expansions of e a M and 
fjJ a b IJi to fifth-oder, and the coefficients are expressed in terms 
of full curvature, torsion and at the original point x' . 
When torsion vanishes, it agrees with the result obtained in the 
Riemann-normal coordinates. Sec. [TV] starts from the equa- 
tion of Feynamm Green's function in n dimensional Riemann- 
Cartan spacetime, and by using the generalized Riemann- 
normal coordinates constructed in Sec. [HI] and large k ap- 
proximation, we obtain the solutions Gi(k) for i ^ 2 in gen- 
eral background torsion. In the Subsection llV A| the solutions 
Gi(k) for i ^ 4 are derived in the totally antisymmetric back- 
ground torsion. When torsion vanishes, Gj(fc) agrees with the 
result in 0], In Sec. [V] the proper-time representation in n 
dimensional Riemann-Cartan spacetime is derived from the 
momentum-space representation obtained in Sec. [IV] Since 
the solutions Gi(k) are valid in n dimensional spacetime, we 
use dimensional regularization to study the renormalization of 
one-loop effective action. In Appendix, we present the detail 
and tedious calculations for writing down the equation of Fey- 
mann Green's function in the generalized Riemann-normal 
coordinates. 

In this paper, we use unit h = c = 1, and for n dimen- 
sional spacetime, the metric signature is (— , +, • • • , +). The 
Greek indices a, j3, 7 • ■ • are referred to coordinate indices 
and the Latin indices a, b, ■ ■ ■ referred to frame indices. Both 
types of indices run from to n — 1. The covariant deriva- 
tive V M on any tensor components Z a ' " b c -.-d i s defined by 
(VZ)(e°, • • ■ , e b , X c , ■ ■ ■ , Xd, Any geometrical object 
defined by Levi-Civita connection V will be put~ on it. 



II. EFFECTIVE LAGRANGIANS OF SCALAR FIELDS 

The classical action functional of a scalar field in the 
pseudo-Riemannian (i.e. torsion free) structure of space-time 
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d<t>/\*d(j>+ (m 2 +£i?)</> 2 *l, (1) 



where the metric g denotes the background gravitational field, 
* is the Hodge map associated with g, m is the scalar field's 
mass, £ is an arbitrary real number, and R is the Ricci 
scalar curvature defined by Levi-Civita connection V. Since 
the background gravitational field is now described by g 
and metric-compatible connection V in the Riemann-Cartan 
space-time, the basic gravitational variables will be a class of 
arbitrary local orthonormal 1-form co-frames {e a } on space- 
time related by SO (3, 1) transformation and connection 1- 
forms {bj a b}, which is a representation of V with respect to 
{e a }. A direct generalization of Eq. (Q]) to Riemann-Cartan 
space-time is 

S[e a , uj a b , $ = -- I d<j)A*dcf> + (to 2 + £R)(f) 2 * 1, (2) 

2 JM 

where R is the full scalar curvature. Varying S with respect to 
4>, the equations of motion of can be obtained 

S S 

= — = -d*d(j>+ (to 2 +£RU*1. (3) 
o<p 

The classical stress 3-forms r a and spin 3-forms S a are de- 
fined as 



SS 

6e 



1 



- = — (i a d(j) A -kdcj) + dcj) A i a ★ d<j) — m <f> * e a 



R bc A*e a bc ), 



(4) 



a b 



SS 
6w\ 



2^ 



A *e a + T c A *e ca ,(5) 



where i a = ix a is the interior derivative and {X a } is the dual 
basis of {e a }. e a - b c ...d = e a A . . . A e b A e c A . . . e<j, R a b are 
curvature 2-forms, and T a are torsion 2-forms. 

The transition from classical to quantum fields has two 
main procedures, canonical and path-integral quantizations. 
However, the path-integral quantization is a more practical 
approach to study the renormalization of vacuum expectation 
value of r a and S a b , which are given by 



< T a >= 

< S a b > 



< out, 0|T Q |in, > 

< out, 0|in, 0> ' 

< out,0|S' a & |in,0 > 
< out, Olin, 0> 



(6) 
(7) 



where in, > and out, > correspond to initial in-region 
and final out-region vacuum states, respectively. 

One may start from the generating functional with vanish- 
ing external current J = 12[], 

Z[J = 0]=<out,0|in,0>= (2)Me fS > 8 '' w, "*l 1 (8) 

and using Schwinger's variational principle |10] yields 

SZ[0] = i < out,0|SS|in,0 >= i J ' V[<p}8S e lS . (9) 
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So < r a > and < S a b > can actually be derived by varying 
the effective action W, which is defined by 

W[e a ,uj a b ,(t)} = -iln < out,0|in,0 >= -i~\nZ[0], (10) 

with respect to e a and u> a b, i.e., 

5W 



5e a 

SW 

5uj a , 



= < T a >, 

■ =< s a b > 



(11) 

(12) 



With some straightforward derivation Q], the effective ac- 
tion become 



W 



< x\ In Gf\x > *1, 



(13) 
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where < x\Gf\x' >= Gf{x,x') is the Feynman Green's 
function. The divergent terms of have been largely studied 
by using the Dewitt-Schwinger proper-time representation of 
Gf{x,x') in the pseudo-Riemannian geometry Be- 
sides the proper-time representation, Bunch and Parker pro- 
posed another representation, the momentum-space represen- 
tation, which has been shown to be equivalent to proper-time 
representation , to study the renormalizability of A0 4 field the- 
ory in the pseudo-Riemannian geometry ]3[] . 

The momentum-space representation of Gf(x, x') requires 
to establish the Riemann-normal coordiantes in a normal 
neighborhood of the point x' and then solve Gp(x,x') in 
the momentum space The resulting divergent terms of 
effective action involve Ricci scalar curvature R and vari- 
ous quadratic Riemann curvature terms, e.g. Ricci curvature 
square R a bR ab . The method of momentum-space representa- 
tion can naturally be extended to Riemann-Cartan spacetime, 
however, it is not suitable to use the Riemann-noraml coordi- 
nates. The reason is that divergent terms of Eq. ( TTOb should 
depend on full curvature and torsion terms instead of Riemann 
curvature and torsion. It leads us to establish a generalized 
Riemann-normal coordinates in a Riemann-Cartan spacetime. 



III. GENERALIZED RIEMANN-NORMAL 
COORDINATES 

In a general Riemann-Cartan spacetime, the definitions of 
autoparallels and geodesies are completely different. How- 
ever, they become equivalent in the pseudo-Riemannian ge- 
ometry. Autoparallels 7 : A t-> 7(A), which satisfy 



Vy 7 ' = 0, 



(14) 



where 7' denotes the tangent vector of 7, are defined in terms 
of connectiton V, but geodesies C :ti-> C(t), which satisfy 



S [ ^Jg(C,C) dt = 0, 



(15) 



are defined in terms of g. It is worth to point out that autopar- 
allels and geodesies coincide if background torsion tensor re- 
quires to be totally anti-symmetric. Since Eq. ( TBi i and Eq. 



(fT~5T > both provide unique solutions with given initial values, it 
is not difficult to see that either autoparallels or geodesies can 
be used to construct a local coordinate system. 

If one uses geodesies to construct local coordinates y a , i.e., 
the Riemann-normal coordinates, with original at point x' in 
the Riemann-Cartan spacetime, the expansion of the metric 
components g^ u (i.e. g(d^ : d y )) in this coordinates is given 
by il 



1 « 

— j 
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5„,j - ^R llva py ot yP 



(16) 



which involves the value of the Riemann curvature R a bcd and 
the covariant derivative with respect to Levi-Civita connec- 
tion V at the original point, instead of full curvature R a bcd 
and connection V, at x'. Furthermore, it can be verified that 
the expansions of all geometric quantities, e.g. torsion ten- 
sor components T a i, c , also involve R a bcd and V. Since our 
background gravitational variables are {e a } and {oJ a b}, us- 
ing the above construction to find the divergent terms of W is 
completely improper. It is necessary to establish a local coor- 
dinate system, where the expansions of {e a } and {oj a b} will 
involve full curvature R a bcd, covariant derivative V a , and tor- 
sion T a t c - The generalized Fermi coordinates have been con- 
structed by using autoparallels and the associated orthonormal 
co-frames in the Riemann-Cartan spacetime l28ll . Here, we 
apply the similar procedure to establish generalize Riemann- 
normal coordinates. 

Consider an autoparallel j v : A i-> j v (A) € M with its 
initial values 



7,(0) 



(17) 
(18) 



where M denotes a rt-dimensional Riemann-Cartan spcae- 
time. Provided 7 U (1) exists, the exponential map exp x / : 
T x iM i-> M is then defined in an open neighborhood U of 

x 1 by 



exp x ,(i>) =7^(1) e M, 



(19) 



where T X 'M denotes the tangent space to M at x'. Using 
exp^., with an orthonormal frame {X a } at x', we obtain the 
generalized Riemann-normal coordiantes x a 



^"(exp^, v) = x a , 
where is a coordinate chart and 



(20) 



(21) 



where S a a = diag(l, • • • ,1). In the following, " on any ten- 
sor field Z denotes Z\ x *=o (i- e - Z at x'). A natural induced 
coordinate basis {d a }, by construction, has {d a = S a a X a }. 

It will be useful to introduce generalized Riemann-normal 
hyper-spherical coordinates {A, p a } defined by 



Xp a , 



(22) 
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where A is the radial coordinate with affine parametrization 
and p a are the direction cosines of tangent vectors of autopar- 
allels -fg a at x' satisfying 

n-l 

J2p a p a = 1. (23) 

a=0 

From the inverse relations 

n-l 

A 2 = ^iV, (24) 

one has 

dx= P a d a , (25) 
0aP q = 0, (26) 

and v = Xd\. It should be mentioned that Z = Z\\ = o de- 
notes the initial value of any tensor field Z in hyper-spherical 
coordinates {A, p a }. Using {A, p a }, we can parallel transport 
{X a } along autoparallels 7,9 A to set up a field of orthonormal 
frames {X a } and its dual co-frame field {e a } on hi. 
From the above construction, one has 

V OA e a = 0, (27) 

i.e. 

i dx cu a b = io a b (d x ) = 0, (28) 

with its initial value e° = S a a dx a = S a a p a d\. Since d\ are 
tangent vectors of autoaparallels, we further obtain 

dx(e a (d x )) =0. (29) 

It turns out that e a {d\) is independent of A and equals to its 
intital value p a . So {e a } in {X,p a } gives 

e a = 6 a a p a d\ + A a M dp^ (30) 

with the initial values 

A a =A a f ,dp t " =0. (31) 

Eq. (f28T > indicates that ui a b do not contain the dX term, so 

lu\ = C% dp» (32) 

with the initial values 

C\ = CV dp" - w«Sfy) dp" = 0. (33) 

It is known that the Riemann-normal coordinates in the 
pseudo-Riemannian geometry have a local Minkwoski struc- 
ture (i.e. g^ u (x') = uj^ u {x') = 0), which is associated with 
equivalence principle. Similarly, Eqs. (fJT) and d33l also rep- 
resent a local Minkwoski structure of spacetime at x' in the 
Riemann-Cartan spacetime, so the revised edition of equiva- 
lence principle has been discussed lfl6Tl . 

Since we have completely constructed the generalized 
Rieamnn-normal coordinates with the associated orthonormal 



co-frames {e a } on hi, the next step is to expand the fundamen- 
tal variables {e a } and {ui a b} with respect to radial variable A 
and then to express their coefficients in terms of full curvature 
R a bcd, torsion T a bc and their covariant derivative V Q . 

We start from the Cartan structure equations defined by the 
torsion and full curvature Jl]]: 

de a = -uj a b Ae 6 + T°, (34) 

du a b = -u a c A Lo c b + FTf, (35) 

where 

T° = iT« bc e- and R% = W (36) 

are torsion 2-forms and curvature 2-forms in the co-frame 
field {e a }. By substituting Eqs. ((30]l and ([32j into Eqs. ( |34l l 
and ( f35t and equating the forms containing dX A dp a on each 
side, it gives ordinary differential equations for A a and C a b : 

A la = S a a dp a + C a b 8\ p a + T a bc 5\ p a A\ (37) 
C' a b = R a bcd S c aP a A d , (38) 

where / denotes the radial derivative d\. A' a and C' a b denote 
(d x A a b ) dp b and C' a b = (d x C a bc ) dp c , respectively. In the re- 
main part of Sec. [TTT1 we will use the notations dp a = 8 a a dp a 
and p a = S a a p a 

We know that the Taylor series representations of A a and 
C a b with respect to radial coordinate A are 

A a = A a + A' a X + ^A" a X 2 + -- - , (39) 

C\ = C a b + C' a b X + ^C" a b X 2 + ■■■ . (40) 

It should be mentioned that, for any function /, /' '"' denotes 
(d\ ■ ■ • d\f)\\—Q. By successively differentiating Eq. d37l ) 
and ( f38l > with respect to A and then evaluating the results at 
A = 0, one can obtain A' "' a and C' "' a b in terms of R a bc d, 
T a bc , and their radial derivative d\. Since the discussion of 
renormalization of W in terms of momentum-space represen- 
tation requires to calculate A'"' a and C'"' a b to fifth-order, we 
will present our results to fifth-order of the radial derivative. 
To first order in A one find 

A' a = dp a , (41) 
C' a b = 0. (42) 

The curvature and torsion start to appear at the second order: 

A!" 1 = f a bcP b dp c , (43) 
C" a b = R a bcdP c dp d . (44) 

At the third order: 

A"' a = R a bcd p b p c dp d + 2f' a bcP b dp c 

+ f a bc f c deP b p d dp e , (45) 
C"' a b = 2R' a bcdP c dp d + R a bcd f d efP c p e dpf, (46) 

which have one radial derivative of the curvature and torsion. 
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The two radial derivatives of the curvature and torsion start to appear at the fourth order: 

A"" a = 2R' a bcd P b p c dp d + R' a bcd f d ef p b p c p e d P f + 3f" a bc p b dp c + f\ c R c def p b p d p e dp f 

+3f' a bc f c de p»p d dp e + 2f a bc f' c de p b p d dp e +f a bc f c de f e fg p b p d pfdp\ (47) 

C"" a b = 3R" a bcdP c dp d + R a bcd R d efg p c p e pfdps + 3R'\ cd f d ef p c p e dp f + 2R a bcd f' d ef p c p e dp f 

+R a bcd f d ef f f gh p c p e p a dp h . (48) 

At the fifth order, it becomes much more complicated and involves three radial derivatives of the curvature and torsion: 

A'"" a = 3R" a bcdP b p c dp d + m' a bcd f d ef p b p c p e dpf + R\ cd R d EfgP b p c p e pfdpa + 2R\ cd f' d ef p b p c p e dpf 

+ R a bcd f d ef ff gh p b p c p^dp h + 4f"' a bc p b dp c + 6T" a bc f c ed p b p e dp d + 4f' a bc R c def p b p d p e dpJ 

+ 8T' a bc f' c de p b p d dp e + 4T' a bc f c de f e fg p b p d pUp a + 2f a bc R' c def p b p d p e dp f 

+ f\ c R c def ff gh p b p d p e p3dp h + 3T° 6c f" c de p b p d dp e + 3T\ C f' c de f e fg p b p d pfdp a 

+ f\ c f c de R e fgh p b p d pfpUp h + 2f a bc f c de f' e fg p b p d pfdp3 + f a bc f c de f e fg f' hi p b pfp d p h dp l (49) 

C""' a b = 4R"'\ cd p c dp d + 6R''\ cd f d ef p c p e dpf+4R'\ cd R d efg p c p e pfdp 9 + 8^ 

+ 4R' a bcd f d ef ff gh p c p e p3dp h + 2R\ cd R' d efg p c p e pfdp s + R a bcd R d efg f" hi p c p e pfp h dp l 

+ 3R a bcd f" d ef p c p e d P f + 3R\ cd f' d ef ff gh p c p e P Hp h + R a bcd f d ef Rf ghi p c p*pVp h dp l 

+ 2R a bcd f d ef ff gh p c p e p a dp* + R\ cd f d ef ff gh t\ p c p e p a p l dp> (50) 

Although these expressions involve the radial derivative d\, it can be changed to covariant derivative \7q x by using Eq. d27i >, 
e.g. 

V dx R a bcd = (V dx R)(e a ,X b ,X c ,X d ) = V Sa (R(e a ,X b ,X c ,X d )) = d x R a bcd . (51) 

Moreover, it is understood that any tensor-field components Z a " c ...d satisfy Z a " c ...d = 5 a a ■ ■ ■ S p <5 7 c ■ ■ ■ S d d Z"'"^...^ 
so there is no difference of using the Greek or Latin indices for any tensor-field components at the original point x'. In the 
following, we will adapt the Greek indices on any tensor-field components at x'. 

IV. MOMENTUM-SPACE REPRESENTATION OF THE FEYNMAN PROPAGATOR OF A SCALAR FIELD 

From Eq. ©, one can show that the Feynamm Green's function of a scalar field satisfies 

\/\g(x)\ d*d + m 2 + £R] G(x,x') = S(x-x'), 

(52) 

where \g(x)\ = | dot g ab {x)\. It is useful to define G(x, x') by 

G(x,x') = Igto^Gfax!) |ff(x')| 1/4 , (53) 

and Eq. d52l becomes 

(-|.g(x)| 1/4 *- 1 d*d| ff (a;)r 1/4 ) + m 2 +^j G(x,x') = S(x - x'). (54) 

It is known that, in the coincident limit x — > x', the divergences of G(x, x') and also effective action W come from the high 
frequency field behavior JUtD]. In the following, we will use \Z\ to denote the coincident limit of any two-point function 
Z(x, x 1 ), i.e. [Z] = lirrix^a;' Z(x, x'). These ultraviolet divergences can be obtained by solving Eq. d54T i in the generalized 
Reimann-normal coordinates with asymptotic expansion in large wave number k. 

Eq. (l54l i in the generalized Riemann-normal coordinates x a with associated orthonormal co-frame {e a } gives 

{if u + JF » u a x a + jf ^ a0 x a x^ + f ^ a ^x a x^x^+ f ^ aMX x a x^x^x x )d li d v G-m 2 G 

(1) (2) (3) . (4) _ (2) 

+ {S v + S v a x a + S \px a x?+ S \^x a x f3 x"')d u G+[{r -£R) 

(3) . (4) £ . . . _ 

+{V Q -eV Q i?)x Q + (V al 5 - ^V p V a R)x a x l3 ]G = -6{x), (55) 



r 



, ~. . . V!i uv W v j W . , i derivatives of orthonormal co-frame. The explicit expres- 

where the coefficients J 7 ' S and J> ... involve the r v 
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sions of these coefficients in terms of T a t, c , R a bcd and their 
covariant derivatives are given in Appendix. We have only 
retained the coefficients for i ^ 4 in Eq. (T55t since the di- 
vergences of W involve the coefficients up to four derivatives 
of {e a }. However, the coefficients for i = 4 become much 
complicated, the discussion of renormalization of W will be 
restricted in totally anti- symmetric torsion, i.e. T a t c = Tt abc \, 
where square brackets indicates index anti-symmetrization. 
On the other hand, the divergences of [ G ] , which are used to 
study the renormalizability of interacting scalar fields, involve 
the coefficients for i ^ 2, so we do not put any restriction on 
torsion for finding those divergences. 

By making the ?i-dimensional Fourier transformation, 
G(x, x') in the momentum space yields 

G(x,x') = J T^e**- G(k), (56) 

where G(k) = G(k; x') is assumed to have compact support 
in the normal neighborhood of x'. We consider the following 
expansion of G(k) 

G(k) = G (k) + G 1 (k) + G 2 (k) + --- , (57) 

and 

Gi(x,x') = J j^e ik °* Gi(k), (58) 

— W « 

where Gi(k) involves the coefficients T • S and 

(») (0) (0) (0) 

V .... For i = 0, we have T ^ = S v ■■■ =V - = 0. On 
dimensional ground, Gi(k) is of order k~( 2+l > so Eq. (|57] > 
corresponds to an asymptotic expansion of G(k) in large k 

a. 

To find the divergences of [G], we first solve Gi for i ^ 
2. By substituting Eq. ( 1581 into Eq. d55l l. the lowest-order 
equation yields 

V^d^Go - m 2 = -6(x), (59) 

I 



G 2 (k) 



where the indices are up and lower by Tf- V and r)^ and round 
brackets indicate index symmetrization. In Sec. [V] it will be 
shown that the second line of Eq. d64l i does not contribute to 
[ G2 ] . In pseudo-Riemannian geometry, Eq. d64l i reduces to 



which has the Minkowski-space solution 

Co(k) = * 2 - (60) 

From Eq. ( |59l ), we also know that Gq(x, a;') is a function of 
r] fJ _vX fJ -x L/ = x v x v , i.e. Lorentz invariant. The equation for 
G\(x, x 1 ) gives 

ri^d^G! - m 2 G 1 + JF ^ a x a d^G + 5 v d v G = 0. 

(61) 

Substituting the solution Gq(x,x') into Eq. ( 1611 and using 
Eqs. dA8l ), dA9l ), we obtain 

^=4 T « 9a (^)' (62) 

where T a = T 13 p a is the trace torsion, and d a = d/dk a . It 
turns out that Gi (fc) = in the pseudo-Riemannian geometry, 
which has been shown in iU . Using integrating by part, one 
can show that [Gi] = (see Sec. [V}. 

The equation for G 2 {x, x') gives 

if u d^d u G 2 - m 2 G 2 + T ^^d^G^ S v d v Gi 

+ T ^ a px a x fi d ll d u Go+ S " a /9A 

+{V -£R)Ga = 0. (63) 

By substituting the solutions Go(x, x'), G\(x, x'), Eqs. (IA8b - 
(IA125 into Eq. j63l and integrating by part, a straightforward 
but tedious calculation yields 



I 

which is the same as in lU. 



A. A special case: the total antisymmetric torsion 



i 



(fc 2 + m 2 ) 2 



1 



1 t - 1 f - U / (2) u (2) u (2) u (2) 

-^T a Tfi — -T a 0fx,T^ + 4 ( T a (/3fi)+ T a(Ppt) ) + 2 J 7 a/3 ft — 2 <S a p 



(64) 



(65) 



In this subsection, we will consider background torsion to 
be totally anti-symmetric and find the divergences of effective 
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action W in this restricted background gravitaional fields. The 
reason is that the totally anti-symmetric torsion plays a signif- 
icant role for generating inflation in the early Universe 12911 . 
Moreover, since it is necessary to obtain Gi(k) for finding the 
divergences of W, this consideration will largely simplify our 
calculations. 

When T Q , ( 3 7 = TL^i, the autoparallels and geodesies will 

(i) (i) _ 

coincide, and it gives J 7 ^ a =S v = 0. So Eq. ( 16 It gives 

a trivial solution Gi(fc) = 0. Since Gq(x, x') is a function of 



z v , and using Eqs. dA14b -( fAT5] l. we obtain 



(2) 



_ (2) 



Therefore, Eq. (|63l ) becomes 



(66) 



which has a solution 

G 2 (fc) = 



(l-$R+-Lf a0y f^ 



(fc 2 + to 2 ) 2 



(68) 



Eq. d67b indicates that G2(x,x') is Lorentz invariant and 
hence it is also a function of x a x a . It follows that G 2 (x, x') 
also satisfies Eq. ( |66b . Moreover, by using Eqs. dA17| ), ( 1A18| >, 
(IA20b . ( IA2U . a straightforward but tedious calculation gives 
two more identities 

J- ^ a p 7 x a x^x^d^G + S u a px a x d v Go = 0, (69) 

(4) (4) 

T ^ aPl xx a x^x'x x d^d u G + S v afh x a x f> x'd v G = 0. 

(70) 



rf v d^d v G % - m 2 G 2 + (V -£R)G = 0, (67) so G 3 (x, x') and G 4 {x, x') satisfy 



_ (3) 

rTWvG* - ™ G 3 + (V a - £V Q i?) x a G a = 0. 

(2) (4) £ 

V^d^Gi - 7« 2 G 4 + (V - HR) G 2 + (V a/3 - fJ^ a R) x a x^G = 0. 



By substituting Eq. JA19t into Eq. ( 1711 and integrating by part, we obtain 



G 3 (k) = - 



(i - + ^(2V^Rj Q) + 2iF M)A f A ^ 7 + f ^V (q T a)7/3 + if Q7 ^V A T A ^) 



1 



(fc 2 + to 2 )' 



where V" = g a/3 Vp. When torsion vanishes, Eq. d73l i reduces to 



1 



Ga(*) = i(S-flO^ +mS)J1 



(71) 
(72) 

■,(73) 
(74) 



where the Bianchi identities have been used. It agrees with the result in JH. Similarly, substituting Eqs. ( IA16b and ( IA22I ) into 
Eq. ( l72l and integrating by part yields 



G 4 (fc) 



{\-t)R + YA f afil f^ 



l 



(fc 2 + m 2 ) 3 



2 /(4) 1 ' 



(fc 2 + m 2 ) s 



( V a/3 " |v7vTi?^ 3^ 



where □ = V Q V a and 

1 — 
20 



(4) 



OR + _V (/3 V a) i? Q ' 3 - —R a8 R af3 



(fc 2 + m 2 ) 5 



(75) 



10 



72 



360 



;RapR 



1 

90 



iT A v Q r A « 7 - ^^ 7 aT a %t \ 7 



3 

10 
11 



V (y V Q) T^ A f A " 



1 



- ^v^ A vTr% + vTr^ A v^ A - ^v-r^ A v^t^ 7 



— R KV01 T^f % - - ^^/.V,^) + li?^ A «i? 7A , Q + Ij^Aa^^ 



1 



2880 



1440 



(76) 



Sec. [V] will show that [ G 3 ] =0 and the second line of Eq. d75T l does not contribute to [ G4 ]. When torsion vanishes, Eq. dTBT ) 
becomes 



G 4 (fc) = 



1 



(fc 2 + m 2 ) 3 



(77) 



6 ^ ~ 20^ Q ^ 7 ' 3 ^ ~ 120^^ Q ' 9 + 90^ qA ^ A/3 + 270^ a ^ q7A ' 3 ~~ iso^"^ R i kX 



gag/. 



1 



(fc 2 +m 2 y 
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which agrees with the result in 0]. The Feynamm propagator can be obtained by giving m 2 an infinitesimal negative imaginary 
part ie, i.e. m 2 + ie, and take ie to be zero at the end of calculation. Since our calculations are valid in n dimensions, it is natural 
to use dimensional regularization to handle the divergences of Feynamm propagator and effective action in the coincident limit. 



V. RENORMALIZATION OF A SCALAR FIELD IN RIEMANN-CARTAN SPACETIME 



It is known that proper-time representation can be derived from momentum-space representation in the n dimensional pseudo- 
Riemannian structure of space-time 0]. We will show that the derivation can be extended to n dimensional Riemann-Cartan 
spacetime. In the following, we only consider the approximate solution of G(x, x') up to G±(x, x'). Substituting Eqs. d60b . 

(I6?b flfi4h (I7^h (l7Sh into fISfib and integrating hv nart vields 



G(x, x') 
where 

a a /3 
a 
b a 

C a /3 



d n k 
(2tt)" 



ik a x c 



jf a x a + a a px a xP + (a + b a x a + c a px a x^)(- 



(2) 



d 
dm 2 



(2) 



k 2 



1 - 1 - (2) (2) 

+ 2 T a/3% -2 S a (3 



1 /(4) t 



1 /(4) 

V 



(78) 

(79) 
(80) 
(81) 
(82) 
(83) 



It should be pointed out that the coefficients a and a a p are 
considered in a general background torsion field but the other 
coefficients b a , c a p and c are considered in a background to- 
tally anti-symmetric torsion field. 
Defining 

F(x,x';is) = 1 - \r a x a + a a px a xP 

+ (a + b a x a + c af! x a x l3 )is + c(is) 2 , (84) 

and using the integral representation 

/>oo 

(k 2 + m 2 + ie)^ 1 = / ids cxp[~ is (k 2 + m 2 + ie)],(85) 
Jo 

one then perform d n k integration in Eq. d78l ) to obtain (drop- 
ping ie) 

G(x,x') = i(4Tr)- n/2 / ids(is)- n/2 
Jo 

x exp[— im 2 s — (a/2is)]F(x, x'\ is), (86) 

where a(x,x') = \x a x a is half square of the autoparallel 
distance between x and x'. Since = 1 in the general- 

ized Riemann-normal coordinates, it gives 

G{x,x') = \g{x)\- 1 ' A G(x,x l ). (87) 



By introducing a determinant defined by 

A (x,x') = -|.g(x)|- 1 / 2 dct[-a Al ^ ( T]|.9(x')r 1/2 (88) 

and noticing that Eq. d88l reduces to \g(x)\^ 1 ^ 2 in the gener- 
alized Riemann-normal coordinates, we obtain 

G(x,x>) = i %lfi 2 X ' ) fids(is)-^ 

x exp[-im 2 s - (<r/2is)]F(x, x'; is), (89) 

which may be considered as the proper-time representa- 
tion in n dimensional Riemann-Cartan spacetime. When 
torsion vanishes, Eq. d89b yields the usual expression of 
DeWitt-Schwinger proper-time representation in n dimen- 
sional pseudo-Riemannian structure of space-time. 

It is known that the first ^ terms of Eq. ( 1891 are divergent 
at x — > x' limit 0]. If one considers that n can be analytically 
continued throughout the complex plane, Eq. d89b at x — > x' 



Eq. (88) returns to the well-known Van Vleck determinant in pseudo- 
Riemannian geometry. 
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limit becomes 



G(x, x) 



(4 7r )n/2 



m 2 T^- + l) + a(x)T(--+2) 



+ m - 2 c(x)r(-- + 3) 



(90) 



When n — > 4, Eq. ( |90l indicates that only the first two terms 
are divergent. 

From Eq. (fT3l l. it can be shown that |01 



W 



M 



lim 



ids(is) 1 G(x,x') 



*1. (91) 



By substituting Eq. d89l into Eq. ( |9T| i. the divergent terms in 
the four dimensional spacetime yield 



= lim 



1 



n-Mt (327T 2 ) 



m 4 r(--)+m 2 a(x)r(-- + l) 



+c(x)r(-- + 2) 



(92) 



It turns out that the divergent terms are entirely geometrical 
and involve only a(x) and c(x). By adding the countert- 
erms, which contain bare coefficients, into the gravitational 
Lagrangian, the infinite quantities of Ldiv can be absorbed 
into bare coefficients to obtain renormalized physical quanti- 
ties. It should be pointed out that, for totally anti-symmetric 
torsion, a(x) and c(x) may be compared to the coefficients 
b 2 and 6 4 (i.e. Eq. (4.2.27) and and (4.3.10)) in HI. It is 
easy to see that a(x) in totally anti-symmetric torsion case, 
which is referred to Eq. J681 I. is equivalent to b 2 - However, 
we have not verified the equivalence of c(x) and 64 yet, since 
it involves using the Bianchi identities. 



from our momentum-space representation. It leads us to find 
the divergences of the one-loop effective action by using di- 
mensional regularization. It turns out that the divergences of 
one-loop effective action of the scalar field are purely geo- 
metrical and involve full curvature, torsion and their covariant 
derivative. It is interesting to notice that though there is no di- 
rect coupling between torsion and the scalar field in the clas- 
sical action, those divergences do contain torsion parts. When 
torsion vanishes, our momentum-space representation agrees 
with the results in y|] . 

It has been demonstrated that momentum-space represen- 
tation is useful for studying the renormalizability of interact- 
ing fields in pseudo-Riemannian structure of spacetime (H. 
So our current work may also be useful for studying renor- 
malizability of interacting scalar fields in Riemann-Cartan 
spacetime. Moreover, finding momentum-space representa- 
tion of Feynamm propagator for spin 1/2 field in Riemann- 
Cartan spacetime is straightforward by using the generalized 
Riemann-normal coordinates. These considerations will be 
our future work. 

Our original motivation is to study quantum effects of our 
inflation model [29] in Riemann-Cartan spacetime. It turns 
out that our inflation model, which contain quadratic curva- 
ture terms, is a subclass of the effective action. Therefore, it 
might be interesting to find the renormalized stress 3-forms 
and spin 3-forms, and study these quantum effects in the early 
Universe. A further investigation on reheating and primordial 
perturbations will also be studied in the future. 
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Appendix A: Feynman propagator in the generalized Riemann-normal coordinates 



In Sec. Hill we obtained the orthonormal co-frames {e a } and connection 1-forms {io a b} in the generalized Riemann-normal 
coordinates. To obtain Eq. (l54l in the generalized Riemann-normal coordinates, it is useful to find the metric components g a p 
with respect to {dx a }. Using 



g = Vab e 

and substituting Eqs. fill . fi3b . fi3l l into ( IA1 b gives 

1 

3 



1( 9 dx a (g> dx^ 



9a0 = Vafi 



5/3 



Tf3 Je T e Sa) + -^r e iaT e Sp 



zV + 



(Al) 



(A2) 



which can be used to find the solutions Gq(x, x'), Gi(x, x') and G 2 (x, x'). However, the solutions Gs(x, x') and G^x, x') are 
restricted in the background totally anti-symmetric torsion T Q ^ 7 = Tj Q( 3 7 ], so substituting Eqs. fiTT i. fi3l . (1451) . fiTl i. fi9l ) into 
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(IA 1 b and considering torsion field to be totally anti-symmetric yields 



?a0 = Va/3 + 
1 



X 1 X 5 + 



l r 

12 



-T aJK R K Sep + Oi <-»■ /3 



Y2q( — 3V K V e i? Q7) g5 + 3\7 e R ai s\T x K p + R a ~/5\R X eK,p 



+ %R ai s\V t T x K p + R ai s\T x Kf _ l T tJ ' e p + 9V e VsT alX T x K p) — —WsT alX R X eK/3 + V,5T Q7A V K T A e 

+ T^V^T^f A e^T^K^j - — f al xV K R X Se/3 ~ -^T aJ \R X e^f^ S(j - — f aJ xT X e^R^ nS/3 



+ T^T al \T X e ^f M KV T V ' sp + -^R\ySaR X eK,l3 + a -H> /3 



x^x s x e x K + 



(A3) 



where a o- j3 denotes interchange of the indices. It is not difficult to verify that when torsion field vanishes, Eq. (IA3b will return 
to the well-known result obtained in the pseudo-Riemannian geometry 112311 . 

Since Eq. d54l i only involve exterior derivative d acting on G, it can be expressed in terms of g a p and Christoffel symbol T a p 1 

g^d a dpG + d a g af3 d p G - (±d a g a %^ + ^g a %^f Sfi s + , a g a ^j G - (m + £R)G = -S(x - x'). (A4) 

In the generalized Riemann-normal coordinates, one has the following expansions 

gT = if u + JF Sf ^a0X a x?+ f ^ aPl x a x?x~<+ f ^ a ^ x x a x p x^x x + ■■■ 



V =S v + S \x a + S v a px a x p + S v aM x a x p x~< + ■■■ 

\d a g ap f lfs ^ + ltf#T 7Q 7 f sp s + if 7/3 7 , aff «^ =v + V a x a + v a p x a o 

By substituting Eqs. ( IA5b -( IA7b into Eq. ( IA4b . we then obtain Eq. d55l l. 
Using Eq. ( IA2I ). we obtain 

(1) -w s 

-j- /it/ _ /Ti(/il/) 

y a ± a: 

q V 1 rpV 

6 _ 2 1 ' 

(2) 1 



(A5) 
(A6) 
(A7) 



i? Q ^ - 2V^T(^) Q + i(f ^ Qe f y + f " Q6 f V) + ^a"!^" 



(2) 



c " - —T T tv 4- _T T el/ / B " j. R" _ zLY7 t(^) — 9V7 T" -I- T" T e /* 4- T e 

O a — 3 a 4 a ^ 6 ^ ^ v M a ^v a j- n^j- /ie^ a i ^ ae J 

(2) 3 11 1 

V = -^T a f a + -R+-V a T a -—f aPl f^ a . 
In the case of totally anti-symmetric torsion, one may use Eq. ( IA3b to obtain 



(A8) 
(A9) 

(A10) 

(All) 
(A12) 



a - — 


§- = 0, 


(A13) 


(2) 

^*%B = 


-^(^'""'.S + j*"a.?V), 


(A14) 


S a — 




(A15) 


(2) 

V = 




(A16) 


(3) 

.7** a/37 — 


~( - V^R"a% + ii? M a 7 K T K/? ' y + if ' i QK V^T K 7 l/ - if ^ aK R K ^ v + [1 O I/) , 


(A17) 


<S a/3 — 


(3) (3) (3) 

■t- VfJ. I T7 I'll i V nil 


(A18) 



Pa = ^(^+^ P a + ^a M + 2^ Q)K f K ^-^^ (A19) 
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(4) 

T 



{4 K 

(4) 

V a/3 



1 

80 



T^iU nA rj~ie V 

1 ^aXR iSt-L 



1 

80 



J- aX-L le R 8p 



—f^ a xf\ e f' 5K f K p v + ^Rx a ^R\s" + h t^v 



(4) (4) (4) (4) 



(A20) 
(A21) 



(2) , (2) 



1 (2) (2) 1 (2) , (2) 1 (2) (2) 1 (2) (2) 

_ C u ttA 1 _ X" ^ 77^ J__7T K -n t lv _l_ _ / 77 M 1 " 1 X" J- 77 ^"l" 77 

2 i-> a J~ 4 ft a) J~ H(uf3) 2 2 a A lIy ( K /3) ' a) J ftupn,) 

1 (2) (2) I (4) (4) (4) (4) (4) (4) 

2 J~ ap J~ fiv K T ^ V •» M va/3i J- fj, aufj~r J~ /j, a/3vi J- fia [3u~r J- fj,a vfi~T J~ fia)3 v j ■ \t\Z.L) 
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